We are interested in quickly computing the exact value of integrals of polynomial functions over domains that are decomposable into convex polyhedra (e.g., a tetrahedral or cubical mesh decomposition of space). We describe a software implementation, part of the software LattE, and provide benchmark computations.
Introduction
The computer algebra community has dedicated a great deal of effort to developing fast symbolic integration, understood to be the automatic computation of the antiderivatives of functions, as predicted by the fundamental theorem of Calculus. In this work we are instead interested in the exact fast evaluation of integrals over polyhedral regions. More precisely, let P be a d-dimensional rational convex polyhedron inside R n and let f ∈ Q[x 1 , . . . , x n ] be a polynomial with rational coefficients. We consider the problem of efficiently computing the exact value of the integral of the polynomial f over P , denoted P f dm, where dm is the integral Lebesgue measure on the affine hull of the polytope P . This normalization has the great advantage that, for rational input, the output will always be a rational number P f dm; thus, it can be written in the usual binary encoding. For example, the diagonal of the unit square has length 1 instead of √ 2. When the polytope is full dimensional, the integral with respect to this measure coincides with the standard Lebesgue or Riemann integral. Such normalized integrals are widely applicable, occuring in Euler-Maclaurin formulas relating the sums over the lattice points of a polytope P to integrals over the various faces of P , as well as algebraic geometry, statistical analysis, voting theory, and other places. The present paper reports on a C++ implementation of the theory of integration presented in [1] . Our report includes new computational benchmarks which extend an earlier computational study of volume computation done in [6] . Due to space limitation we state results without proofs or justification. We ask the reader to go to the references listed in this paper and to http://www.math.ucdavis.edu/~latte/software.htm for details. The reader can find precisely stated theorems, examples, tables of experiments, a release of the code, and the demo to be presented at ISSAC 2011 on that web site.
Methods
Integration over polytopes is in general a difficult problem. It has been proven that computing the volume of polytopes of varying dimension is #P-hard (see [8] and references therein). Despite this bad news, using additional structure can provide efficient computation. The first key fact we use is that integrals of arbitrary powers of linear forms can be computed in polynomial time [1] . Therefore, to integrate an input polynomial, we decompose it into a finite sum of powers of linear forms, c , x M , using the well-known identity described in [1] . An important property that integrals over cones and simplices have is the valuation property, allowing us to compute the integral as a sum of integrals over simplices or simple cones. It follows that the second key fact we use is that the input polytopes can be decomposed in one of these two ways. We implemented two integration algorithms, each relying on a particular polyhedral decomposition. Our algorithms rely on various formulas and properties of integrating exponentials of linear forms (see [2, 3] ), which combine well with triangulations or cone decompositions. Below is an example of a formula for integrating an arbitrary power of a linear form over a simplex. See [1] for details. 
When is regular, Brion's formula above is very short, it is a sum of d + 1 terms. When is not regular, we can use a perturbation parameter, ε, reducing the integral over the simplex to a sum of residues. We omit the details. Similar formulas exist for integrating a power of a linear form , x = c i x i over a simplicial cone C with rays
LattE can integrate in any dimension, but consider the pentagon in Figure 1 for illustration. Our first integration algorithm would triangulate the pentagon into three simplices. Figure 1 By summing the integral of every linear form in the decomposition of our polynomial for every simplex in the triangulation of the pentagon using a formula derived from the result by Brion [5] , we get the overall integral of the polynomial over the pentagon like we wanted. See [1] for details.
The second integration algorithm computes a signed cone decompositions of the type proposed by Brion, Lawrence and Varchenko [5, 11, 4] and uses properties of integrating exponentials of linear forms (see [2, 3] ). For simple polytopes (e.g., a pentagon) there will be one tangent cone K v at a vertex v. But in non-simple polytopes (e.g., an icosahedron) the algorithm triangulates the cone into simplicial cones. The algorithm adds up the results of the integrals for each simplicial cone. For full details and examples see http://www.math.ucdavis.edu/~latte/software.htm.
Implementation and Experiments
LattE was originally developed in 2001 as software to study lattice points of convex polytopes [7] . The algorithms are combinations of geometric and symbolic computation which use as key data structures rational generating functions and cone decompositions, and it was the first ever implementation of Barvinok's algorithm. LattE was improved in 2007 with various software and theoretical modifications, which increased speed dramatically. This version was released under the name LattE macchiato; see [9] . Now in 2011, LattE has extended its capabilities to include the computation of exact integrals of polynomial functions over convex polyhedra. The new integration code in LattE is a C++ implementation of the algorithms provided in [1] with additional technical improvements (including an important new set of data structures for the manipulation of truncated series). It should be noted that exponential sums and valuations play both a role in the original LattE (i.e., lattice point counting) and for integration. A key distinction between LattE and other software tools is that our algorithms give the exact evaluation of the integral since our implementation uses exact rational arithmetic.
We did thorough testing of the performance of the implementation and included new computational benchmarks which extend earlier computational studies [6, 10, 13] . Details of our tests and tables of performance are fully explained in http://www.math.ucdavis.edu/~latte/software.htm. Here we present a short summary of what we did:
We timed both integration algorithms in LattE over a database of 15,000 random polytopes in the primal space and over their duals with varying degree monomials. In total, about 50,000 integrations were performed over these random polytopes. The results show that our algorithms have complementary performance depending on properties of the input polytope: simple polytopes favor the cone-decomposition method, while simplicial polytopes favor the triangulation method. For this reason, we also integrated over G.M. Ziegler's database of zero-one polytopes [14] , providing us with a large class of non-simplicial, nonsimple polytopes.
Integrating over polytopes is a very common problem, with perhaps the most common integration being for computing volumes. We compared our cone-decomposition method to Vinci's HOT method [6] in speed and accuracy over Vinci's collection of example polytopes. Vinci does well most of the time, but numerical errors can destroy its accuracy. Furthermore, we found inaccuracies for both exact and numerical methods presented in the literature [13, 10] . We also used LattE to solve questions from voting theory [12] . For example, consider the two election voting rules: 1) The candidate with the most vote wins, and 2) if no candidate wins more than 50% of the vote, the two candidates with the highest vote count advance to a second voting round. In [12] , the authors show that the probability these rules give different winners requires finding the volume of a polytope, which LattE can compute exactly.
